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1 Introduction nodes, and the transitions between them edges, in a graph; an
efficient path through the graph is found and the resulting chain of
géements is used to derive the transport element shape. The refer-
gnces above emphasize Manhattan-stybethogonal routes,
which are appropriate for industrial plants or ships, but not for
Erscraft, where space and weight considerations dictate sgbtler
paper will focus on metal tubes. shapes. Furthermore, these works generally do not account in de-

Transport element design is difficult because, among other réﬁ'—l for the strong constraints imposed by manufacturing pro-

sons, the shape of a transport element is generally subject to ESS_?S; no on_ettofour krt1owletdget hb"’.ls “gat‘?d thes‘? at gleNleveI of
tiple conflicting constraints. This is especially true for metal tube etail appropriate for automated tubing design In aircrait. Never-

as we will make clear below. In short, to go from pofto point t_eles_g, some aspects of ZI8] are very similar to our workthe
B, an arbitrary curve will not suffice. Instead, a valid tube must bamPplification of background geometry—they use “virtual sources
a member of a very particular class of curves. and sinks"—and abstract shape constraints, e.g., prohibiting the
Extrinsic constraintasually arise from the engineering appli-Si9n ©f the slope to change on a drainage pipe _
cation at hand. The most common types are stay-in or stay-ou{c@9an and Szykmai9] use simulated annealing to synthesize
zones. In contrastptrinsic constraintsusually apply to the shape non-orthogonal routes for tubing in industrial plants and mechani-
of the transport element itself and arise from manufacturing G&' Products. Their algorithm captures the inherently discrete na-
assembly considerations. For example, a tube cannot be bent HEe Of bent metal tubegletailed below; and could in principle
yond a certain angle without exceeding the mechanical limits 882! With intrinsic (manufacturing-bas¢dconstraints such as
the tube-bending machine, or a hose cannot sustain greater thaRimum and maximum bend angles, and minimum straight-
certain curvature without kinking. Constraints are not always ef€ction lengths. It does not take into account explicitly the circular
act limits, but may have areferredvalue and anot-to-exceed &rcS at bend_s, which are important to consider in the cramped
(NTE) value. There is an increasing penalty associated with vA0VIrons of aircraft. Furthermore, the routes they demonstrate are
ues passing the preferred value and approaching the NTE valifdatively simple compared to what we address ¢ demon-
For example, the preferred minimum bend angle might be 8 delfated two or three bends in 3-D, subject only to obstacle con-
grees, with 4 degrees tolerated, but less than 4 degrees consid&HINts, whereas our system is aimed at “threading” a tube
infeasible. In addition to constraints, there are multgsststo be through a complicated array of constraint objects, not all of which
minimized, such as weiglikength or flow resistance, anoenefits are simple obstaclgs

An airliner such as a Boeing 777 has many thousandsaos-
port elementsincluding metal tubes appearing in systems such
hydraulics, pneumatics, fuels, air conditioning, drainage, instr
mentation, and fire suppressiofthere are many transport ele-
ments of other kinds, such as wires, ducts, and hoses, but

(“negative costs) to be maximized, such as compliange en- ~ Conruand Cutkosk}10,11] use genetic algorithms to aid in the
sure ease of installationThe overall goal is to minimize the costsdesign of cable harnesses. They not only find efficient paths
subject to the constraints. through free space, but they address the critical problem of refin-

Usually transport elements have low engineering priority. Théfg the paths into physically realizable curve=., satisfying a
must adapt continually to the demands of other disciplines. F8linimum bend-radius constrajnHowever, the only kinds of ex-
example, a hydraulics designer might never request that a wingtH8sic constraints they treat are obstacles, and their intrinsic con-
moved aft, but if the wing is moved aft because of overridingtraints are simpler than required in our setting.
structural or aerodynamic considerations, then hundreds of tubedhere is a broad literature devoted to superficially related prob-
must adapt accordingly. An automated approach, such as we t#ns such as VLSI layout, water systems, communication net-
scribe below, could be of great benefit in such re-design scenarip©rks, etc. Such research tends to focus on 2-D problems, or

strictly Manhattan paths. In general, the constraints involved in
1.1 Related Work. Several researchers have addressed tUfigsse areas are not relevant to aircraft tubing.

and pipe routing, e.g., Jafil], Mitsuta[2], Zhu[3,4], Bohle[S],  The field of mobile robot motion planning12], particularly
Satyanarayang6], and Wangdahl7]. Automatic routing capabili- onholonomianotion planning, is directly related to our problem,

ties also appear in some commercjal_software products SUChsﬁﬁce a tube is analogous to the path swept out by a spherical

58]' These Véofks gg_nerally f°|"°W this "Ee- ulnobstructed SPaCe fFopile robot. A nonholonomic constraint is one that restricts the
ecomposed into discrete elements; the elements are treated @Sy possible motions instantaneously, yet does not reduce the

. ‘ . dimensionality of the configuration space. For example, a car is

. Cogtl"bmed by ;he Computer /é'ded Product Deve'OP”‘mpD)Sgomm'“ee subject to a nonholonomic steering constraint, for it cannot change
or pu ication in the QURNAL OF COMPUTING AND INFORMATION IENCE IN . . . . . . .

ENGINEERING. Manuscript received Sept. 2002; Revised Dec. 2002. Associate E ¥§ orientation V_V!thOUt mO.V'ng f.orwarq’ _bm it cantimately as-

tor: K. Lee and N. Patrikalakis sume any position or orientation. Similarly, transport elements

1Some aspects are patent-pending in the (#89/967,78%and other countries. cannot be bent arbitrarily sharply, but must be “steered” through
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space. It should be observed that a mobile robot may back up if
necessarye.g., when parallel parkindout tubes enjoy no such
freedom. Furthermore, tubes are typically obliged to turn with a
fixedradius, through aninimumarc on each turn, and when a turn
is completed the tube must go straight fom@&mimumdistance.
Laumond[13] provides an excellent overview of nonholonomic
motion planning. The field has deep connections to nonlinear op-
timal control[14]. Although it focuses on 2-D problenta/hereas
our problem is 3-I, nevertheless it usefully illuminates the gen-
eral idea of planning in the face of nonholonomic constraints. The
approach introduced ifL5] is most similar in spirit to our work.
The general program igl) find a collision-free path ignoring the
nonholonomic constraintg?) subdivide the path recursively, re-
placing each section with a valid nonholonomic approximation,
until a collision-free path is obtained3) refine the resulting path
if necessary(We derived our method independentlyhe elastic
bandsmethod of Quinlan16] also shares some aspects of our
work.
For many readers, the rubric of “routing” has a topological Fig. 1 Tubing geometry
flavor and implies discrete decisions, e.g., to pass above not below
a certain obstacle, to the left not the right of another, through a

particular hole not another, and so on. We call such a set of degjz B-end The directionA-to-B is calleddownstreanand B-to-A
sions agross route We believe “routing” is practically a misno- nsiream The (imaginary intersectionsN, e R® of adjacent
mer in our setting, since our method comes into play only aftergajght sections are callemdes The arcs with radius terminate
gross route been determined. Our methefthesa gross route into at tangentsTiA andTiB. The length of the straight section Atis

a shape that is optimal, manufacturable, and pleasing to a huna%rned thestandoff 5, andsg at B. The lengthl, of all other

designer. : . : ]
The chief differences between our method and previous Wo?lt{alght sections is bounded below by, . Bend angles; obey

. . X S amin=o<amax. H; is a hardpoint (e.g., a clamp The straight
may be summ_arlzed as fOHOWS' our method works in 3-D; WEection througH—“ has orientation limits and must extend up-
introduce speciatonstraint objectdhat are adapted to the com- tream by at Ieas;DA and downstream b@® (to provide clear-
plex environment of aircraft; we treat tubing geometry in grea% y ) . A B o) P
detail (taking rounded comers into account explicithand, we ance for installation or sliding Of'+ Oy’ may be less thafiy,.
provide a means of automatically exploring trade-offs betwegi'€ termroute denotes an ordered set of nodég (. .. N,). A
various designs. c_enterllnels obtained from_ a route by mterp_olatlng st_ralght sec-
tions and arcs. A swept disk of diameterdefines the final tube

1.2 Current CAD Approaches. In the early days of aircraft shape. Typicallyt i=~r=~3D, amin=~8°, andam,~120°.
design, tubes were designed by hand-bending model tubes againsfetal tubes are essentially rigid, so their shape must be speci-
a wooden mockup. Nowadays tubes are usually designed elied exactly. It is not sufficient, for example, to simply cut a rough
tronically with a computer-aided desig@AD) system. Here we length of material and rely on a technician to adjust the shape on
describe how this is currently done. We introduce some importathie factory floor(In some cases, a small degreepeéloading or
background and terminology first. elastic deformation, may be introduced during assembly, as when
following the gentle curve of a wing surface. Preloading also

stems from unavoidable variability in the fabrication process,
N ) > which Wei[17] treats in detail. We do not treat these issues in this
cross-sectional shagasually a circlg¢. Metal-tube centerlines be-

long to a peculiar class of curves—alternating straight sectioﬁgper)

and circular arcs—due to their manufacturing process: tubes aréNode-Based Design; the Linkage ViewpoinThe nodes and
formed from straight pieces of stock by introducing a series dfie bend radius constitute a very compact shape representation. It
circular bends using a special tube-bending machine. A detailisdso convenient that it is often used as a basis for design, which
description of the process may be found 17] (see als418,19). can be problematic. For example, in F& a mnimum standoff
Essentially it consists of “shooting” out a length of straight stock(mMINOFF, typically=~3D) of s, is needed aA. This is achieved by
bending it around a circular die, and rotating the stock around jgacing N, sufficiently far fromN, . However, if the next down-
longitudinal axis. This process may be repeated several times.stream straight section is moved, as when passing fiorto (2)

The straight sections of a tube are subject to a minimum-length Fig. 2 with N, fixed, thenmiNOoFF may be violated. This illus-
(MINLEN) constraint because the tube-bending machine can gtiptes how it is not generally possible to simply design a tube in
the tube only at straight sections. The bends are subject tdeams of nodes, and then blindly interpolate the arcs and straight
minimum-angle(MINANG) constraint, since small bends are diffi-sections.
cult to producethe tube may spring back elasticallBends are ~ Current CAD systems provide several aids for designing tubes,
also subject to a maximum-ang(&1AXaNG) constraint, chiefly but they do not escape essentially node-based design. JADIA
because large bends are likely to cause the tube to collide with flee example, provides a “compassa movable local coordinate
tube-bending machine itselfPlacing an upper limit on the bend
angle is a mere heuristic; it cannot generally prevent such colli-
sions) Usually all bends in a tube have the same radiusince
varying the radius from bend to bend requires a die change, which N N, =
is costly. The object of design is tabe run which consists of Wi M | S
several individual tubes connected in a series. The tube run is given standoff s, i Vi ) _}(
usually conceived and designed as a whole, and later divided into I ':f:,ﬂtc',?fgﬁ
sections for assembly. In practiceis relatively free to change mN
from section to section(In this paper we assume it is constant.

Referring to Fig. 1, the ends of a tube are calledAhendand Fig. 2 Nodes make poor control points

stay-out

zone

Geometry of Bent Metal TubesGeometrically, a transport el-
ement is a 3-D curve, calledanterling along which is swept a
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In current CAD systemes, if this f
-4 straight section moves, the tube 2
4 /adjusts only locally, and the node Any x that maps to

N, 5 ";A) . distribution does not change. the Pareto set (bold)
N, h. Ng cannot be perturbed
‘\\A'\ Q without increasing
N SN /) fyorf,
4

Each (f,, ,) in
this region
corresponds to

a feasible x.

fi

1

@ oézo*/

Fig. 3 Linkage viewpoint Fig-5 The Pareto set

system that can be positioned relative to the background georetween the preferred and NTE values. The overall objective in-
etry. The user draws a tube one section at a time, using the cailirdes theseviolation costs The user can explore trade-offs by
pass to guide each section. The system automatically checks é@%sting the weights, not the geometry. The geomigtogentially
manufacturing constraintfter a new section is addedSuch lo-  even the node distributioradjusts itself automatically.
cal, post hoccorrectness checking tends to prevail in CAD sys- One may ask, “What are the ‘correct’ weights for balancing,
tems, whereas our method represents a global, correct-R¥y minanG violations against flow resistance?” Such a question
construction approach.The result is an inherently manual,is not well posed. The best that can be done is to expose as much
incremental, and node-based process. _ of the Pareto setas possible(see Fig. 5. This set contains the
Some other forms of constraint management are available, edfficientdesigns(those that cannot be perturbed without increas-
the user may specify that part of a tube should maintain a givedyy some costs[22]. The user must chooseparticular efficient
separation from a background eleméag.,[21]). However, only design, but with our method he can at least restrict his attention to

relatively simple constraints, involving a small number of nodegfficient design space.” In our opinion this is an important ad-
or straight sections, may be applied. Systems that work this wsince over current CAD capabilities.

(notably [18]) essentially view a tube as a linkage made up of

ball- and telescope-joints, as in Fig. 3, but one that responds only

locally to user input or applied constraints. As we will show bes  Method
low, our method adjusts the entire linkage simultaneously.

2.1 Overview. Our method providegonstraint objectsin
terms of which a designer can “sketch” a gross route. Constraint
objects might be local in nature, such as stay-in or stay-out zones,
r zones in which a given orientation is required. They may also
e global, enforcing, e.g., planarity, slope restrictions, and so on.
The user may also specify relationships between disparate parts of
the tube, so that, e.g., the orientation at a certain point matches

t at another point, without specifying the orientatjper se

Node Distribution. Current CAD systems regard thede dis-
tribution (the number of joints in the “linkage,” and their ordering
relative to external constraints such as obstacles or claagpa
fixed entity that the user must design explicitly. This vieWpoing
can be problematic. For example, in FigA# the bulkheads are
parallel, and the tube is straight. (B) the top bulkhead has been
rotated very slightly, and the tube consequently has a very s
bend, but the bend violates thenANG constraint. The three-bend The user chooses parameterized constraint objects from a “pal-

ﬁ?\ﬂg?ﬁﬁg':ne I%((Ekzelsb:c?ke{jrggn? 1C§$2Toi?;§et2i|Set;amilr?tglégtte" and places them in the environment, producing a sketch of
T g f 9 g Y, 1y by %he desired route. The system then fills in an optimal, manufactur-
ducing “extra” bends can thelNANG constraint be satisfieths- able tube

Gos e ke Dot o e el ek ol ot aogedr e beclgroundgeon
g g p ?234 elements. This “surrogate background approach” all¢avel
u

?heastl%r;r\]/v 23?0g]]gtit:gl:ll;grrg-lcjjgiigziggeeﬁﬁI\g ggt is needed is a sys ) ire$ the user t_o “mark up” the background with constraint
: objects that stand in for real geometry. There are two reasons for
1.3 Trade-Offs. Even with the CAD aids described abovehis: First, background models generally have more dééad.,
the tubing design process still relies heavily on trial and error. Ttidvets, fillets, eto. than is needed to drive the design of transport
engineer designs the tube by manually manipulating the nodesel¢ments and it is advantageous to suppress such detail for the
the constraints seem to preclude a satisfactory design, thensiake of computational efficiency. Second, the background geom-
relaxes one or more constraints and starts over. The choice€dly may not explicitly represent the constraints that the designer
which constraints to relax, and in what order, and by what amoukfjows are important. For example, the designer may know that
is typically based on intuition or experience. when a transport element runs near a certain fixture, it should do
The problem is that constraints tend to interact in inconvenied@ With a particular orientation and offset, but this knowledge is
ways. Setting one at its preferred value tends to drive the oth&igply not represented in the background model.
toward their not-to-exceeNTE) values. As with a radio button,

pushing one dOV\_/n forces the oth_ers up, with no available settiﬂgree types of constraint objectsigets, section constraintand
in between. An in-between configuration may be what the d%bnstraint relationships ’

signer wants, but obtaining it by manipulating the geometry ex- Before explaining all these types, it will be helpful to explain

Egﬂttgsctaré;eg:gg ﬁ:ﬁgiﬁ;’gntrgﬁr(:;gtrig:]\g%ril:écotlurt;n eim?galzﬂe_\rdpointsfirst. A hardpoint defines the position and orientation
in “soff cor?straints " A soft constrgint assians a cgst{o value& a straight section of a tube, and typically represents the location
9 : 9 of a clamp. Hardpoints are convenient design primitives: the user

can specify anA-end, aB-end, and a sequence of intermediate
—~ hardpoints, andza CAD system can fill in the straight sections and
— v a_rcs(lf pos_S|bIe). ('I_'hls is nearly e_qun{alent to node-based design,
B since the intersections of hardpoint-lines form nodEsen when
? using only hardpoints, filling in the straight sections and ags

2.2 Constraint-Object Types. It is convenient to define

A B C <+—Tube 5 X ; .
timally (e.g., with the shortest patlfior an entire tube in the face
. < Bulkhead of MINANG, MAXANG, and MINLEN constraints is generally non-
Fig. 4 A single node distribution may not be able to accom- 2A system at Boeing called KIRTS is capable of sophisticated hardpoint-based
modate all changes in the background design; seé\cknowledgments
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Fig. 6 Model of a hardpoint

Fig. 8 Sleeves for pseudo-parallel routing

trivial. Subsections of a tube can interact, albeit weakly, acrofsy. 7, the number of nodes between targets may vary according
hardpoints via theaiNLEN constraint, so the entire tube run musto the overall tube shapésee Fig. 14 for an example
be considered as a whole. Figure 8 shows a more unusual target type. Each “sleeve” sur-
A single hardpoint implies several “primitive” constraints androunds a portion of an existing transport element. The new trans-
costs. Figure 6 depicts a model of a hardpdihthat clamps a port element is constrained to not approach the existing transport
straight sectioN;N; , ;. H has a centee, orientationn, preferred €lement closer thanne,, nor to be farther away thame. This
upstreamdownstream Oﬁseto/’;e (08B, and not-to-exceed up- allows the user to route a new tube “pseudo-parallel” to an exist-
A . : ing one.
stream(.dovxllnitreamoﬁseF.ONTE (O_NTE)' H gives rise to several gC)ther targets are more abstract, e.g., an infinite “slab” of space
constraintsiNiN;.; must intersect; the angle Bben/xeeNiNi+1 in which the transport element must run parallel to a certain plane,
andn must be zero; and, the distance frerto T (T;’) must not byt with no other restrictions. Not all targets need to have a hard-
fall below Ofe(ONre). (These are “primitive” in that they are point associated with them. Each target explicitly influences a
conceived in terms of the simplest available geometric entitiesfixed number of nodes.
points, lines, et¢. These can carry soft-constraint costs as well. To gain an idea of the complexity of the primitive constraints
Thus, even a simple hardpoint is a fairly complicated “bundle” othat a targefand constraint objects in generaan give rise to,
“macro” of constraints and cost functions. consider Fig. 9. It illustrates how a single tardit this case an
Jrregular hoop-shaped stay-in zgngives rise to considerably
more primitive constraints and costs than a simple hardpoint.
commonly used target<A) is an A-end orB-end with a finite Hese primitive constraints involve complicated expressions: the

. A -
angular tolerance(B) is a rectangular region inside of which thedistanceOj" between the hoop planelefined byC; and normal

N K . B . .
tube must lie parallel to the arro indicates theeventualloca-  Vector m;) and the tangenf; is constrained above a not-to-
tion of a hardpoind. (C) is a rectangular stay-in zone throughexceed value, and carries a decr_easmgAcost as it approaches a
which the tube must pass with angular limits indicated by the comeeferred value. Given a bend radiusrofO;* has the form

Targets. Targetsnay be viewed as “generalized hardpoints.
They serve as waypoints in a gross route. Figure 7 shows f

_mj'

shape. It is different froniB) because the range of motion of the
hardpoint is substantially perpendicular, not parallel, to the tube O”= N+ A ll_ni'nil_c_)
direction.(D) is a 3-D stay-in zonéof which (B) and(C) may be ! ! "VNi+ni-n_, !
viewed as special casesTargets such agB), (C), and (D), in _ _ _ . .
which a hardpoint is allowed to “slide” within an admissibIethrf_ M=(Nig N‘)/“E?I‘z“ Ni|. The soft constraint cost is
zone, are calledliding hardpoints Such targets effectively let the (0)7 similarly for (.OJ') - The expression _for the d|stand¢_
user say “Place a hardpoisbmewheren this region, but defer PEWeeredge andC; involves a term accounting for the effective
finding its exact, optimalocation until later.” This reflects a gen- e_Iongatlon of the tube diameter dl.Je to its generally obllque rela-
eral theme in our method, namely to reduce the user’s workloHHn to the plgng. Thel; are constrained to be non-r_legatlve, keep-
by demanding the least specific input possible. Notice(@gand N the tube inside the hoop; tiié form soft-constraint costs. The
(D) require an extra parameter, besides the relevant node coofifection of penetration, characterized pyand g; , is also con-
nates, to locaté. strained, and also contributes soft-constraint costs. Noticarthat

If hardpoints were the only targets allowed, then a good nod§luality constraints play a strong role, in contrast to typical para-
distribution would follow trivially from only local considerations: Metric CAD systems, which expose only equality constraints.
the number of nodes between adjacent hardpoints is predeterseciion Constraints. These are so named because they apply
mined by their relative configuratiofin reasonable designs they, e section of a tube between two targets. A section constraint
number must be 0, 1, on2n contrast, with the “loose” targets of may have an obvious geometrical manifestatierg. a stay-out
zone; see Fig. 15—-}8or it may be more abstract, imposing con-

(A) A- or B-end
with angular <,
tolerance /2=~

with fixed orientation

Q/)d (B) Planar sliding hardpoint

AorB

(D) Box-shaped
sliding hardpoint with
orientation limits

7
(C) Penetration zone with
orientation limits

Fig. 9 A single high-level constraint implies many “primitive”
Fig. 7 Some available targets constraints
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Asingle bracket design might be re-used tion could run along the following lines: Corresponding to each

/\“e“';g:g;‘gﬁﬁ‘;’;;‘;;“g‘,‘;;i‘;‘;?f""‘"“ nodeN; there would be a vector;(x) of constraints describing
= e the MINANG/MAXANG conditions, and another vecter;(x) de-
\\\ @& \\\ scribing “no-bend conditions”(collinearity). A standard device
\@ii‘ A\ for “activating” or “deactivating” u;(x)<0 or ¢;(x)<0 is to
\@\: AN introduce variabley;, z; and the modified constraint equations
Fig. 10 Constraint relationships may enforce similar condi- wi(X)—My;=<0
tions at disparate locations
O'i(X) —Mz= 0

straints on, or associating costs to, factors such as slope, ovevdth y;, z;€{0,1}, y;#z , andM> 1. Then one would apply, for
orientation, or planarity(Slope constraints may be needed te@xample, a branch-and-bound algorithm, ag2d]. We would
avoid trapping moisture; planarity may be desirable because p#pticipate several problems: First, at each deactivated bend all
nar designs can be used on either side of an airpléBiace a constraint and objective functions are invariant with respect to
section constraint applies to everything between two targets, di@nslation of a node along the centerline, so the problem would
since it is not knowna priori how many nodes there will be be ill-conditioned in the continuous subspace. Second, the number
between any two targets, it is therefore not knoavpriori how of continuous variables would be constant and laftreour for-
many nodes a given section constraint will affect. For example naulation it varies as the solution progresses, and is kept as small
stay-out zone might lie between &rend and @B-end, and it may as possiblg.Third, themINLEN constraint would be extraordinar-

be possible for the transport element to circumvent the stay-dlyt cumbersome to implement, since it must take into account
zone with only two bends, in which case the separation constraiggntiguous occurrences of the no-bend conditions.

that cause the desired stay-out behavior apply to three straigh
sections and two ardse., to two nodes However, if more bends
are required, then the stay-out zone might affect more nodes.

Why Not a Straightforward Continuous Optimizatiofffe fol-
lowing purely continuous program might seem reasonatg:
introduce an “overpopulation” of nodes$2) optimize their loca-
Constraint Relationships. These are “meta-constraints” thattions continuously(3) allow bends or straight sections to vanish
establish relationships between, or introduce new constraint- (@ coalesceas necessary. However, tR&ANG andMmINLEN con-
cost-functions of, two or more targets or section constrgimgs-  straints, which aressentiato the problem, foil such an approach,
ally target$. For example, it may be advantageous for a transpagince theyexplicitly forbid any bends or straight sections from
element to penetrate a sequence of stay-in zones asatre Vvanishing continuouslyThus no purely continuous optimization
angle, or with thesameoffset from the edges of the zones—method can solve the problem by itself. Discreteness, which is
without specifying what that angle or offset should be. This idea @generally known to make optimization difficult, is an unavoidable
illustrated in Fig. 10. Another use for constraint relationships is @spect of our problem.
limit or regulate the distance between sliding hardpoints. The use

r . .
can place a sequence of sliding hardpoimezall Fig. 7D)) and Graph Search. It would be possible to decompose space dis-

let the algorithm produce the best inter-hardpoint spacing. CO%r_e'Fteth andAippIy grﬁpfhllsea}rchtﬁro?edure? ;UCh as Dijkstra’s al-
straint relationships can introduce an arbitrary degree of nogorithm or A" search(following the lines of the more conven-
L . ional path planning literature; see §L.Buch apurely discrete
locality into the design problem. ; ) g )
approach cannot provide exactness, which we consider an impor-
2.3 Optimization Approach. A key aspect of our method is tant goal for very detailed tubing design. It can only provide an
automatically finding a suitableode distribution(see 81.2 We approximation whose precision accords with the fineness of the
take a heuristic approach to this problem, consisting of first findiscretization.
ing a “reference route” that likely resembles, in a rough sense at
least, an optimal route, and then using this reference route aB
guide for estimating the final node distribution.

24 Initial Guess, Easy Pass. With the above viewpoints as
ackground, we proceed to describe our optimization approach in
detail.

General Pattern; Overall Cost. The general pattern of our
algorithm is to formulate a series of continuous sub-problem@k | tures the main featur f the final route. i it “hits”
each according to a particular trial node distribution. The indepe _eg/ captures de ba ﬁa ures of the nnal route, deH Z
dent variables in each sub-problem are the node coordinates, p?ﬂ € targets and obeys the extrinsic constraints, and thus tends to

extra parameters determining the exact hardpoint locations 'ndicate the rough locations of large bends, small bends, long or
those targets for which the hardpoint location is adjusfal@er- short straight sections, etc. The order of the targets is determined

responding to each sub-problem, there is a continuousfdbat automatically, but the user can override this ordering if desired. As
depends only on the continuous node positions, and an ove ggested in the “straightforward continuous approach discussed
cost ®, which comes from additively augmentirfgwith some above, we introduce a gross ov_erpopul_atlon of nodes through an
functiong of the discrete node distribution. For exampjenight initial guessprocedure: each pair of adjacent targets generates a
be the number of nodgseflecting a desire to minimize the num-3uess of a small number of nodes between thigppically two,

e _ but special configurations may give rise to one or ze8ection
ber of bends explicitly Generally ®=g,f+ 8,9, where 81, : 0 ,, . - : X
B,=0 are user-adjustable weights. constraints may “sprinkle” additional nodes into their associated

inter-target gaps. For example, a stay-out zone between two hard-
Other Viewpoints: Mixed-Variable OptimizationThe problem points typically adds three extra nodes between those already in-
may be viewed as an instance ofixed-variable optimization troduced by the targets, to ensure enough degrees of freedom to
since some independent variables are discrete and others contgitgumvent the stay-out zone.
ous (see[23] for other examples Our goal is to simultaneously  Figure 11 illustrates the initial-guess procedure. The nodes in
determine a node distributiotthe discrete number of nodes in black are guessed by nearby targets. Each black node occupies a
each inter-target gapand the exact node position&ontinuous predetermined position relative to the two nearest targets, regard-
quantities. Mixed-variable problems can sometimes be agess of other constraint objects. The white nodes arise from the
proached usingnixed-integer programmingn which the discrete stay-out zone. The initial guess is not necessarily feasible: notice,
variables are relaxed to continuous variables that must take fom example, the stay-out violation in Fig. 11. Therefore it does
integer values only at a final solution. A mixed-integer formulanot necessarily provide a good indication of the eventual overall

Initial Guess. The first step is to find a “reference” route that
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Circular penetration zone

with 15-degree angular B
tolerance (TARGET) —| T
B-end
(TARGET)
Stay-out zone
(SECTION CONSTRAINT) <«——— Hardpoint
(TARGET)
A-end ~—_  Notice penetration. The Fig. 13 Potential benefit of look-ahead
(TARGET) \ initial guess is essentially
blind to the section ) ) . . .
IN constraints. on their saliences, in order to determine which ones form a good

node distribution.

Fig. 11 Initial guess Terminology Given a routeR=(N4, ... ,N,) with saliences
sz' A ,dNn_1 (terminal nodes are never assigned a salignce
consider a rout& obtained by deleting some or all of the internal

shape. Typically, the initial guess includes many more nodes thaodesN,, ... ,N,_;. A deleted node is said to bre-admittedto

are eventually needed in an optimal route; hence the term “groSsf it is inserted intoSin the same relative position that it had in
overpopulation.” R. A node is re-admitted only if it has the greatest salience of all
nodes that have not yet been re-admitted. Therefore, dghae-
Ated fromR, are-admissioroperation orS unambiguously adds a
qoredetermined node. Given a rou® a node issuppressedy
deleting it. Some nodes iR may be declaredritical (see below

Easy Pass. In this phase we optimize the continuous nod
locations of the initial guess, relaxing the intrinsic constraimts
NANG, MAXANG, and MINLEN, and using a greatly reduced ben

radius. The goal is simply to run a “thread” through all the targetganl are never suppressed. A node is generally not suppressed un-

that obeys all the section constraints and constraint relationships s it has the least salience of all nodes not vet suppressed. There-
and thereby provides a better indication of the eventual over?ilfe given a routeR a suppressiomperatioril onR ?J%ambige-

e e e Do e sl deltes  predetermined node.
P pop Re-admission on a rout® is defined only in the context of

nodes enforcing thelNANG, MAXANG, and MINLEN constraints some original routeR from which S was obtained by deleting

then very likely eithefa) no feasible configuration would exist, or S . : .
(b the resulting route would be wildly difererie., containing 100 SUPPrESsion,in contrast, on any route is defined n terms o

loops, etd. from that obtained with a good node distribution: An optimized re-admissiooperation is a re-admission followed

Therefore, a key point is to relax the intrinsic constraints durl% an attempt to optimizécontinuously, using conventional opti-

the easy pass optimization. Figure 12 illustrates the easy p Zation techniquesthe node locations and the parameters that

&Tgwgoﬁgg cgntehsatags e?]trt]ﬁé Zggmagzgsi S:n E‘geitze:&eo esﬁpél_amg termine the sliding hardpoints’ exact locatiofishe continuous
’ Yy P 9 .optimization process is described belpn optimized suppres-

ceed, as it is always possible to arrange the consraint objects 'téh operation is a suppression followed by a similar optimization

ggg;g:ol?r:ﬁgly infeasible way regardless of the particular co ttempt. An optimized re-admission or optimized suppression is

said to fail if no feasible point can be found, i.e., if the node
Salience Ranking. The nodes in the easy pass are ranked pordinates and other parameters cannot be adjusted in a continu-
salience which is defined as the deviation of a node at the m@us sense to achieve feasibility. From a performance point of
ment it appears as a breakpoint in a classical iterative endpoiviiew, the algorithm exploits the fact that conventional continuous
fitting algorithm (see[25]). This generates a sequence of straigh®ptimizers typically determine non-feasibility quickly.

line approximations to the easy-pass roufd(....Nn) as  pFoyard Pass with Look-Ahead.A forward passis executed

follows: We find the nodeN; whose perpendlcular dewatlajhi _ as follows: From the easy-pass rowe=(N, ... N,), nodes
from the lineL,, throughN; and N, is greatest. The route isN,, ... N,_, are deleted to obtain the trivial trial routsl{,N,,).
broken at N; to form two sub-routes Ny, ... Nj) and An attempt is made to optimize the locationshof andN,, . With
(Ni, ... Np) with corresponding lines ;; andL;, . This is done high probability this optimization will fail, since the only routes

recursively, halting when the sub-routes contain only two nod@sat contain two nodes are those connecting two collinear end-
(seeU, V, andW in Fig. 12. By this means each node is evenittings, which is a rare scenario. If it fails, optimized re-
tually assigned a sallenu:mi . admissions are applied, in order of decreasing until either(a)

a re-admission is successful, producing a rduter (b) there are
more nodes to re-admit. In cage) complete failure is de-
ed. In caséa), the overall cost is recorded &% . It is advan-
tageous to “look ahead” to see whether adding nodes can produce

2.5 Choosing the Best Nodes from the Easy PassThe
next two phases heuristically “filter” the easy pass nodes, basgﬁar

Set U is broken into sets

V and W at point N, that has greatest w
deviation (salience) d, from line

between U s endpoints A and B; this

process recurses on V and W

Fig. 12 Salience ranking and easy pass

Journal of Computing and Information Science in Engineering

a significantly better route. Figure 13, for example, illustrates how
a four-bend(six-nodg route may be superiofin terms of, say,
length to a three-bendfive-node route. Look-ahead consists of
further optimized re-admissions until one is successful or no
nodes remain. The cost of the first feasible look-ahead fUE

one exist is recorded a£y . If Cr<(1-6)Cg, 0<6<1 (so-
lutions are improving “quickly” then the resulG of the forward
pass is taken to bE’, with costCg=C[. OtherwiseG=F and
Cs=Cg. The parameterd (typically 0.1 is essentially a
threshold on the rate of change of the overall cost with the number
of nodes(it effectively controls “coarseness”: a final route will
have fewer nodes according &ss large. Look-ahead could be
extended beyond adding just a single node, but this has not proved
necessary. Notice that on the forward pass, the salieigeare

always taken from the easy pass.
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The constraints implied by targets A and B may apply to the X=(X Zi., ... X Zn A1 o\ T
same straight section or different straight sections, according to (X1.¥1.21, Kn+YniZn s T1, )

the node distribution (here one distribution has black nodes, the Herex: y andz correspond to nodd. . The 7 locate S|Id|ng

other white). There are multiple possibilities for the number of preferred 1y 2 . L e L

nodes in the inter-target gap. « notio-exceed hardpoints within their admissible zonégcall Fig. 1D)). Space
A\ limitations prohibit writing out the full objective function explic-

) itly, even for the simplest case, but Fig. 9 and its associated text

convey how complex it can be for even a single target. Many

primitive quantities(analogous to those of Fig. 9 but adapted of

course to the particular constraint objects in questmontribute

\

\
\
preferred — "\

not-to-exceed

Sliding hard-
ints with optimally

I — pol

5 ' ferred . .
e o notio-exceed entries to theC(x) vector, rows to the\ matrix, or members to the
simple-bounds list, according to their mathematical form. Each
Fig. 14 Alternative node distributions quantity may also contribute a cost component to the continuous

objective function. Thus the continuous objective function is a
weighted sum of “primary” costs such as length, pressure drop,

Backward Pass. Frequently some nodes may be re-admittestiffness, etc., and “secondary” costs due to soft-constraint viola-
in the forward pass that are not strongly needed. This is relatedtions. The weights are user-adjustatkecall §1.3). Any subset of
a phenomenon observed in certain regression sch¢@®&27, costs can be combined so as to minimize the maximum of the
where it is found effective to progressively add complexity to alements. Such a subset is called a “minimax group,” and is en-
model until a good fit is obtained, and then progressively reduebled by the AToOPT software described below. For example, all
the complexity until the fit worsens significantly. Analogously, iminimum bend angle costs can be combined as a minimax group,
is often possible to delete a few nodes from the result of thehich is then included as an additive cost component. This can
forward pass without degrading the route significantly. This révave a startling effect, since all members of such a group will tend
flects the fact thata) salience is merely an ordering heuristic, noto seek the same maximum value. So far this capability has not
a perfect indicator of re-admission priority, aftgj after a node is been used enough to judge what situations it might be preferred
re-admitted, all nodes are adjusted by a continuous optimization,
so some nodes generally end up in different locations from thoseMany of the cost functions involved do not satisfy certain com-
they held in the easy-pass rouke mon requirements of optimizer&.g., C2 continuity). Stay-out

A backward passs executed as follows: First, the saliencgs  zones in particular involvelist(A,B) (the minimum distance be-
are re-calculated ofs. Optimized suppressions are applied@p tween two point sejs which is usually only singly differentiable.
in order of increasing salience, until one is successful or there &gch inadequacies prove inconsequential in practice.
no more nodes to suppress. Each time an optimized suppressio
fails, the node that was to be suppressed is decleni@idal. If an
optimized suppression succeeds, producing a r&uteith cost

Utilizing a New Optimization Software ArchitectureEach
time a new node distribution is considered, the form of the corre-
: : ding continuous sub-problem generally changes drastically.
Ca, and if Cg<Cg(1+ o), =0 (the solution does not degrade?l_ﬂ?snwas illustrated in Fig. 14. Here we discuss the software im-
too quickly” ), thenG is set toB, saliencesly, are re-calculated, plications of this complicgtion. In short, a large part of our code is
and the process recurses with the n@wNotice that in the back- geyoted to setting up, at run-time, the complicated continuous
ward pass the saliences are continually re-calculated, whereagi.-problems for the trial node distributions. The raw interface of
the forward pass the saliences from the easy pass are re_us_ed.@'@_e(l) is extremely hard to use for this directly. The essential
following refinement is effective: Upon failure of an optimizedyitficulty is that variables are named only by their indices in ar-
suppression, the nod¢, is not immediately declared critical. In- rays. This creates difficult bookkeeping problems when formulat-
stead, another form of look-ahead is applied, to address what }g new problems on the fly. To solve this problem we developed
call “pairwise criticality”: a node might not be critical if the next- 5 new object-oriented software package, called@OpT, which
least salient nodé; is also suppressed. More precisely, a routggryes as a “wrapper” for any NPSOL-like optimizeruoOpT
G’ is formed, equal t& with N; deleted. An optimized suppres- gllows the programmer to create individual constraints and objec-
sion is appliedon the next-most-salient nod) to G’, and if it tives in a dynamic, run-time manner, using an abstract namespace.
succeeds themoth N; and N; are deleted. This idea could beThe user can program his formulas using arbitrary variable names.
extended beyond two nodes, but this has not proved necessarformulas are assigned to objects, and can be mixed and matched
2.6 The Continuous Sub-problems. The forward-pass/ at will; AutoOPT arranges and accesses them in the form and

backward-pass procedure yields the final node distribution. Dg‘[gfégpﬁpgc;dagit:gg l;g?ﬁég'r;%eomg?'égg t‘)l'ehe rlée)r/afrﬁ?rggzﬁ:slf
ing those passes many different node distributions must be o P prog y

mized in a continuous sense. Figure 14 illustrates how diﬁeremanr:pmated Ft run-tlme._Thlf provides manr)]/ of the advantages of
node distributions imply fundamentally different continuous sudha! err?atlcha Pfogf?}mm'r‘g ﬁnguages Zu%.llas AMPL or SAMS'
problems. For these we use NPSORS], a well-known °utrat erkt]_ an emp a;s|2|_||jg ”mﬁ‘.n reaca "‘WQPT?TP a-
augmented-Lagrangian-based algorith@ill [29)). NPSOL ex. S126S machine manipulabilty. In this sensetaOPT is similar to

poses the following interface directly to the programmer: the comme_rmal produc{s80,31 but is, in our opinion, more gen-
eral than either.

min®(x) subject to

3 Results
a,<C(x)<aU . . -
Figure 15 shows two tubes in an airliner wheel well. Tube
BISAX= B, (1) circumvents various stay-out zones around structural elements. It

also passes through two sliding hardpoints; the final hardpoint
positions were automatically chosen within the white-outlined
where«,, a, are lower and upper bound vectors on the generg¢ctangular regions. The inter-hardpoint spacing can in general be
nonlinear constraint€; B,, B, are bounds for the linear con- regulatedlimited or equalizeflby appropriate constraint relation-
straints represented by the matfixandy, , y, are simple bounds ships. TubeB obeys most of the same section constraints as tube
on the independent variablgsIn the continuous sub-problemxs A, but is guided in a “pseudo-parallel” route by the sleeve objects
consists of the node coordinates plus parameters that charactesiz@ounding tube.

non-node featuresliding-hardpoint locationsthat are optimized  Figure 16 illustrates how constraint objects, which are them-
concomitantly, i.e., selves “macros” of primitive constraints, can in turn be combined

VISXSYy
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Fig. 15 Pseudo-parallel tubes in a wheel well

into larger macros. Three sliding hardpoints are arrangedUh apoint and a hoop, and avoiding a stay-out z¢see Fig. 18 (All
shape to produce agxpansion looggsuch loops are used to give aresults are with an SGI workstatigrNotice that infeasibility is
tube sufficient compliance to withstand installation or thermaypically determined very quickly. The typical time to evaluate the
stresses, vibration, ejc.Figure 16 demonstrates how a tube caobjective and all the constraints once is about 0.4 milliseconds
“re-design itself” in response to changes in the background géfhis dominates the continuous optimization tiineonger tubes
ometry (it shows the loop before and after the introduction of twaurrently take much more time; e.g., in Fig. 15 tubbeandB had
stay-out zones Notice that the objective function could incorpo-14 and 19 initial nodes, 9 and 14 final nodes, and took 71 and 48
rate an explicit probability of rejection due to insufficient compliseconds, respectivelfThe typical time to evaluate the objective
ance, as in Wefi17]. and constraints was about 2.5 millisecond$ie increase in time
Figure 17 shows a route through two rectangular hoops, eachstéms not only from@) the greater number of independent vari-
which has a large range of admissible angdleall Fig. 1C)), ables and extrinsic constraints, by some of the continuous
with two stay-out zones in between. Hoops are typically superirsub-problems tend to be ill-conditioned, i.e., the continuous opti-
posed, as in this example, on stiffening webs or bulkheads razer is forced to search in a “valley(a local symmetry of the
indicate regions of admissible penetration. Figure 17 also includelsjective with respect to some perturbations of the independent
some stay-out zones protecting some of the background structwariables. Such regions tend to defeat many stopping criteria,
Tube A penetrates stiffeners 1 and 2 at significantly differertausing continuous optimizers to get “bogged down” in a realm
angles, with respect to their local coordinate systéxdsyl and of diminishing returns.
X2, y2). The angles are indicated by the dotted liddsandA2. There are many performance optimizations that we are planning
TubeB, in contrast, is subject to all the same constraints as tubzimplement but have not tried yet. We give a brief discussion of
A, with an additionalconstraint relationship(82.2 imposed, some of them herel) Regarding problem size, there are many
namely that the incidence angles should beghmeat both pen- opportunities for eliminating variableg.g., replacing equality
etrations(without specifying the anglper se, thus facilitating the
re-use of a clamp or bracket design. Observe that the desired
behavior(seeB1 andB2) is obtained not merely by a continuous
adjustment, but by changing the node distributitime “linkage
design,” 81.2 and this is done automatically.

Performance. Table 1 shows typical timings for the various
algorithmic phase$82) for a tube passing through a sliding hard

Fig. 17 Tube passing through two stiffening webs (A) with and
(B) without equal incidence angles

Fig. 16 Expansion loop (A) before and (B) after imposition of
stay-out zones Fig. 18 A timing example (see Table 1)
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Table 1 Timing for the case of Fig. 18. tion of them often follows readily from a continuous optimization
process. But with targets, nodes generally cannot migrate through

Phase Number Continuous Continuous g4 06 freely, so the problem becomes inherently discrete. This
of of Optimization Optimization : . .
Algorithm Nodes Result Time (sec) issue is what motivated the development of thet@OPT pack-
_ age.(Notice that[9], lacking targets, treats theumberof bends
Initial guess 10 N/A ~0 explicitly, but not theirdiscretedistribution relative to the envi-
Easy pass 10 Feasible 1.75 t
Forward 2 Infeasible 0.0028 ronment) . . .
" 3 Infeasible 0.0026 In §2.3 we mentioned mixed-integer methods as a way of at-
4 Infeasible 0.0025 tacking what is essentially a mixed-variable problem. Audet and
” g :Rg:gg:g:g 8-8832 Dennis[23] treat mixed-variable programming more directly, and
" 7 Feasiblé 0.51 there is a close relationship betwelg8] and our work: essen-
i 8 Insignif. improvement 1.43 tially, we use a specially adapted version of thedarchphase,
Backward 6 Infeasible 0.0051 tailored to exploit the geometry of our problem domain. However,

*Best result. (All other backward-pass phases infeasible, total; each discrete configuration we solve the continuous sub-
backward-pass time0.97 s; total run time-4.67 9 . L

problemcompletely whereaq 23] admits the possibility of aban-
doning a given discrete configuration because progress there is too
slow.

constraints with variable transformation&2) There is a consid- Ve observe that our method, when viewed as a mixed-variable
optimization process, takes a heuristic approach, esserialty

erable amount of sparsendss locality) inherent in the problem . ) ) ; .
formulation, which we are not yet exploiting. For example, iing many discrete configurations based on high-level geometric

should be possible to “factor” a large tube intcsariesof nearly Cconsideration82.5. Empirically, the heuristics we use seem to
independent sub-tube&Recall from §2.2, for example, that thele very effective at selecting node distributions that are visually
interactions across hardpoints are weatese sub-tubes would appealing to human designers. Such aesthetic considerations are

later be re-assembled and subjected to a final optimization to §B"€ important in real design scenarios than one might suspect.
tain a globally optimal solutiont3) It should be possible to add 1ube routes may be viewed as optintatjectories as for

regularizing, or symmetry-breaking, components to the Objecti\wacecraft..In.this respect, our mgthod ;hares some of the flavor of
function, to improve the conditioningand thus the convergenceN® transcription approach described in Bg8S,36. Although

speed of the more difficult continuous sub-proble It is f[he .constrgints that are peculiar to tubes do not normally show up
P d P nj(st) ¢n flight trajectories, nevertheless the method$3& could prob-

ably be applied to our continuous sub-problems. We note that a
fpcket moving with a constant speed, subject to constant-

are distinct opportunities for parallelization; in particular, althoug . . - . o
the phases described in §2.5 are largely sequential, we have @@dnitude bursts from a sideways-pointing engine, with finite
oasting periods in between, will follow a path similar to a tube’s.

perimented with parallelizable adaptations of them, with promi&* . L

ing results. Th_e only treatment we are aware of for this scenarid3g]|,
Notice that a commomodus operandis to re-use a desirable Whlgh deals. with the trivial case of one arc followed by one

node distribution as a discrete base for exploring continuo§&@ight section.

trade-offs (i.e., changing the soft-constraint weights without re- FOF @ given continuous sub-problem, one could regard the as-

calculating the node distributionThis usually takes only a few Sociated linkage(81.2 as an actual physical mechanism. Cost

seconds per trade-off, even with the current un-optimized coddUnctions would represent spring energies, and the exact con-
straints would represent joint limits. The goal would be to numeri-

4 Discussion and Future Work cally simulate the settling of the mechanism to equilibrium. Sev-
] ] ) . eral well-known commercial products could be brought to bear on
As pointed out in 1.1, one class of nonholonomic motion plafhis (e.g., DADS and ADAMS. We have not pursued this pro-
ners for mobile robotics uses a subdivision approach to transfogpam pecause only the equilibrium state is of intetessaching it

a holonomic “guess” into a feasible nonholonomic path. We obyig g physically realistic trajectory is not advantageous
serve that our algorithm shares this trait in spirit, but with an

important difference: rather than trying to fit a nonholonomic sec- Future Work. Future work will treat, among other subjects)

tion locally, i.e., on each side of a breakpoint, we simply use thi&e performance improvements discussed in(8Bjncorporation

breakpoint as a guidepost for re-parameterization, and optimiz@faother continuous optimizers besides NPS@Ie have experi-

nonholonomic pattglobally at each subdivision. This means thamented with Boeing's own OPTLIB packaga8,39 but we do

the nonholonomic solution for a given subdivision might lookiot yet have sufficient data to report resplt8) refinement of the

very different from the solution at subsequent subdivision. graphical user interface and porting it to a popular system like
Many researcher&.g.,[14,32—34) have studied optimal paths CATIA or Pro/ENGINEER;(4) the problem of routing bundles or

subject tocurvatureconstraints. This is very different from a con-clusters of tubes simultaneous{ye have started work on this

straint on the bend angfeer se for, although nonholonomic plan- problem but do not have results to report)y€6) extension to

nerstendto produce paths that obeynanG for some unspecified other transport element types such as wires, hoses, and cd@les;

value, with tubing itmustbe obeyed. Tubing is the only domainuse of robot-path-planning methods such a3id 3] to produce a

we are aware of that exhibits this unusual property. better initial guess;and (7) research on data-management prob-
Targets, i.e., constraint objects that a tubestpenetratggen- lems such as the robust association of constraint objects to back-

erally with a constrained orientatipnare a double-edged sword.ground geometry, and managing the order in which tubes are gen-

On the one hand they provide an intuitive “visual language” witlerated. Ultimately, it should be possible to store only constraint

which a designer can express the gross route of a tube, circudljects, with centerlines being regenerated as needed.

venting the need for a high-level “router.” The human designer We also plan to investigate the application of the general prin-

serves(and must servethis role by laying out the targets unam-ciples and software architecture we have developed to new areas

biguously. On the other hand targets bring the node-distributi®f automated design. Our preliminary investigations have focused

problem into full relief: In our experience, optimal, non-on welded-duct jig layout, assembly tool design, and the design of

orthogonal routes that account for theNANG, MAXANG, and brackets of various kinds.

MINLEN constraints are relatively easily obtained when targets areAnother area that we plan to investigate is the use of more

not present, i.e., when the only extrinsic constraints are obstacles.

In particular, for a given number of nodes a good spatial distribu- *This idea was suggested by J.-P. Laumond in a personal communication.

than resorting to finite differences as we currently @s); There
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